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$\theta=(\theta_{1}, \theta_{2}, \cdots, \theta_{p})’\in \mathbb{R}^{p}$ $p\geq 3$ $\sigma$-
$f(x, \theta)$ (
Takeuchi and Akahira [7] $(i)\sim$ (iv) $)$ 2
$l(\theta, \delta):=(\delta-\theta)’I(\theta)(\delta-\theta)$
$\theta$
$R(\theta, \delta)$ $\theta$ $\delta$ $R(\theta, \delta)$ $:=$
$E_{\theta}[l(\theta, \delta)]$ $\lambda_{\max}(\theta)$ $\lambda_{\min}(\theta)$ $I(\theta)$
tr $\{A\}$ $A$ $f(\theta)$
$(d/d\theta)f(\theta);=((\partial/\partial\theta_{1})f(\theta), (\partial/\partial\theta_{2})f(\theta), \cdots, (\partial/\partial\theta_{p})f(\theta))’,$ $(d/d\theta’)f(\theta);=$
$((d/d\theta)f(\theta))’$
Ghosh and Sinha $[3|$ 2
$\mathcal{D}$ $\theta$ 1
(I) (i), (ii) $\delta^{*}(\in \mathcal{D})$ $narrow\infty$ $\delta(\in \mathcal{D})$
$\mathcal{D}$ 2 -
(i) $\theta\in \mathbb{R}^{p}$ $\lim_{narrow\infty}n^{2}\{R(\theta, \delta^{*})-R(\theta, \delta)\}\leq 0.$
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(ii) $\theta_{0}\in \mathbb{R}^{p}$ $\lim_{narrow\infty}n^{2}\{R(\theta_{0}, \delta^{*})-R(\theta_{0}, \delta)\}<0.$
(H) $narrow\infty$ $\delta(\in \mathcal{D})$ $\mathcal{D}$ 2 $narrow\infty$
$\delta$ $\mathcal{D}$ 2
$\hat{\theta}_{ML}$ $\theta$ MLE $\hat{\theta}_{c}$ $c$ $\theta$ MLE, $\hat{\theta}_{c}$ $:=\hat{\theta}_{ML}+c(\hat{\theta}_{ML})/n$




2 2 $narrow\infty$ $\mathcal{D}$
2 $b_{c}(\theta)$ $\hat{\theta}_{c}$ $b_{c}(\theta)$ $:=$
$\lim_{narrow\infty}nE_{\theta}[\hat{\theta}_{c}-\theta]=b_{ML}(\theta)+c(\theta)$ $\hat{\theta}_{c}$ $\hat{\theta}_{d}(\in \mathcal{D})$
$narrow\infty$
$R( \theta,\hat{\theta}_{d})-R(\theta,\hat{\theta}_{c})=\frac{1}{n^{2}}$tr $\{g(\theta)g’(\theta)I(\theta)+2b_{c}(\theta)g’(\theta)I(\theta)+2\frac{d}{d\theta’}g(\theta)\}+o(\frac{1}{n^{2}})$
$g(\theta)$ $:=d(\theta)-c(\theta)$ MLE $\hat{\theta}_{c}$ 2
$\theta\in \mathbb{R}^{p}$
tr $\{g(\theta)g’(\theta)I(\theta)+2b_{c}(\theta)g’(\theta)I(\theta)+2\frac{d}{d\theta’}g(\theta)\}\leq 0$ (2.1)
$g\in C^{1}(\mathbb{R}^{p})$ $g(\theta)=0$
(Al) $\hat{\theta}_{c}$ $b_{c}(\theta)$
$\gamma$ : $\mathbb{R}^{p}arrow \mathbb{R}_{+}$
$I( \theta)b_{c}(\theta)=\frac{d}{d\theta}\log\gamma_{c}(\theta)$
$\theta\in \mathbb{R}^{p}$






$:=$ $\{\xi\in \mathbb{R}^{p-1}:\xi_{i}\in[0, \pi)(i=1, \cdots, p-2),$ $\xi_{p-1}\in[0,2\pi)\},$
$\omega_{\xi,i}$ $;=$ $\{\begin{array}{ll}\cos\xi_{1} (i=1) ,\cos\xi_{i}\prod_{j=1}^{i-1}\sin\xi_{j}\prod_{j=1}^{p-1}\sin\xi_{j} (i=2, \cdots,p-1) ,\end{array}$
$(i=p)$
1 MLE $\hat{\theta}_{c_{0}}$ (Al) $\xi_{0}$
$\theta\in\Theta$
$H( \theta):=\int_{0}^{\infty}[\frac{\lambda_{\max}(x)}{\gamma_{c_{0}}(x)}]_{x=\theta+r\omega_{0}}dr<\infty$
$\omega_{0}$ : $=\omega\xi$ $H(\theta)$
$\frac{\partial}{\partial\theta_{i}}H(\theta)=\int_{0}^{\infty}\frac{\partial}{\partial\theta_{i}}[\frac{\lambda_{\max}(x)}{\gamma_{c_{0}}(x)}]_{x=\theta+r\omega_{0}}dr(i=1, \cdots,p)$
$\hat{\theta}_{c_{0}}$ 2
$\underline{\overline{\equiv p}EB\hslash}$ $h(\theta)$ $:=-\omega_{0}/H(\theta)$ $\lim_{rarrow\infty}\lambda_{\max}(\theta+r\omega_{0})/\gamma_{c_{0}}(\theta+r\omega_{0})=0$
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$\underline{\equiv Q-rBR}$ $H(\theta)$ $:= \int_{\theta_{1}}^{\infty}\{\lambda_{\max}(y, \theta_{2})/\gamma_{c_{0}}(y, \theta_{2})\}dy$ $h(\theta)=-(1/H(\theta), 0)’$
(2.2) $\blacksquare$



















$\gamma_{c_{0}}(r\omega_{\xi})/\lambda_{\min}(r\omega_{\xi})$ $r$ $\lim_{rarrow 0}\eta_{c_{0}}(r)=$








$\theta:=(\theta_{1}, \theta_{2}, \cdots, \theta_{p})’(\in \mathbb{R}^{p})$ $x_{i}=(d_{i,1}, d_{i,2}, \cdots, d_{i,p})’$
$i_{1}>\cdots>i_{p}$ $|(x_{i_{1}}, x_{i_{2}}, \cdots, x_{i_{p}})|\neq 0$ $d_{i,1}=1$
$i=1,$ $\cdots,$ $k$ $Y_{i1},$ $\cdots$ , $Y_{in}$ $B(1, P_{i}(\theta))$
$j=1,$ $\cdots,$ $n$ $Z_{j}:=(Y_{1j}, \cdots, Y_{kj})’$ $Z_{1},$ $\cdots,$ $Z_{n}$
1
$I( \theta)=\sum_{i=1}^{k}P_{i}(\theta)(1-P_{i}(\theta))x_{i}x_{i}’$
$\hat{\theta}_{ML}$ $\theta$ MLE, $\tilde{\theta}_{logit}$ $\theta$ $ML\chi^{2}E$
$\tilde{\theta}_{logit}=\hat{\theta}_{ML}+\frac{1}{n}(b_{logit}(\hat{\theta}_{ML})-b_{ML}(\hat{\theta}_{ML}))$
Amemiya [1] $\hat{\theta}_{ML}$ $\tilde{\theta}_{logit}$ (Al)
$l=1,2,$ $\cdots,p$
$\frac{\partial}{\partial\theta_{l}}\log|I(\theta)|=tr\{I^{-1}(\theta)\frac{\partial}{\partial\theta_{l}}I(\theta)\}$
(Magnus and Neudecker [5] 8.3.2) Amemiya [1]
$X’D_{1}X,$ $X’D_{2}D_{4}1,$ $X’D_{1}1$
$X’D_{1}X = nI(\theta)$ , (3.1)
$X’D_{2}D_{4}1 = - \frac{d}{d\theta}\log|I(\theta)|$ , (3.2)
$X’D_{1}1 = -2 \frac{d}{d\theta}\log\prod_{i=1}^{k}\{P_{i}(\theta)\exp(-\frac{1}{2}x_{i}’\theta)\}$ (3.3)
(3.1), (3.2), (3.3) Amemiya [1] (35), (64)
$\hat{\theta}_{ML}$ $\tilde{\theta}_{logit}$
$b_{ML}( \theta) = I^{-1}(\theta)\frac{d}{d\theta}\log\frac{1}{\sqrt{|I(\theta)|}},$
$b_{logit}( \theta) = I^{-1}(\theta)\frac{d}{d\theta}\log[\frac{1}{|I(\theta)|}\prod_{i=1}^{k}\{P_{i}(\theta)\exp(-\frac{1}{2}x_{i}’\theta)\}]$
$\hat{\theta}_{ML}$ $\tilde{\theta}_{logit}$
$\gamma_{ML}(\theta) = \frac{1}{\sqrt{|I(\theta)|}}$ , (3.4)





$|I( \theta)|=\sum_{i_{1}>\cdots>i_{p}}P_{i_{1}}(\theta)(1-P_{i_{1}}(\theta))\cdots P_{i_{p}}(\theta)(1-P_{i_{p}}(\theta))|(x_{i_{1}}, x_{i_{2}}, \cdots, x_{i_{p}})|^{2}$
$\underline{\overline{\equiv p}rHfl}$ $S_{p}$ $P$ sgn$(\sigma)$ $\sigma\in S_{p}$ $I(\theta)$ $(\alpha, \beta)$
$I_{\alpha\beta}( \theta)=\sum_{i=1}^{k}P_{i}(\theta)(1-P_{i}(\theta))d_{i,\alpha}d_{i,\beta}$
$|I(\theta)|$ $=$ $\sum_{\sigma\in S_{p}}sgn(\sigma)\sum_{i_{1}=1}^{k}P_{i_{1}}(\theta)(1-P_{i_{1}}(\theta))d_{i_{1_{\rangle}}1}d_{i_{1},\sigma(1)}\cdots\sum_{i_{p}=1}^{k}P_{i_{p}}(\theta)(1-P_{i_{p}}(\theta))d_{i_{p},p}d_{i_{p},\sigma(p)}$
$=$ $\sum_{i_{1}=1}^{k}$ . . . $\sum_{i_{p}=1}^{k}P_{i_{1}}(\theta)(1-P_{i_{1}}(\theta))\cdots P_{i_{p}}(\theta)(1-P_{i_{p}}(\theta))d_{i_{1},1}\cdots d_{i_{p},p}$
$\cross\sum_{\sigma\in S_{p}}sgn(\sigma)d_{i_{1},\sigma(1)}\cdots d_{i_{p},\sigma(p)}$
$=$ $\sum_{i_{1}=1}^{k}\cdots\sum_{i_{p}=1}^{k}P_{i_{1}}(\theta)(1-P_{i_{1}}(\theta))\cdots P_{i_{p}}(\theta)(1-P_{i_{p}}(\theta))d_{i_{1},1}\cdots d_{i_{p},p}|(x_{i_{1}}, x_{i_{2}}, \cdots, x_{i_{p}})|$
$= \sum_{\sigma\in S_{p}}\sum_{i_{\sigma(1)}>i_{\sigma(2)}>>i_{\sigma(p)}}\ldots P_{i_{1}}(\theta)(1-P_{i_{1}}(\theta))\cdots P_{i_{p}}(\theta)(1-P_{i_{p}}(\theta))$




$\cross d_{i_{\sigma^{-1}(1)},1}\cdots d_{i_{\sigma^{-1}(p)},p}|(x_{i_{\sigma^{-1}(1)}}, \cdots, x_{i_{\sigma^{-1}(p)}})|$
$= \sum_{i_{1}>i_{2}>\cdot\cdot>i_{p}}.P_{i_{1}}(\theta)(1-P_{i_{1}}(\theta))\cdots P_{i_{p}}(\theta)(1-P_{i_{p}}(\theta))$
$\cross\sum_{\sigma\in }d_{i_{\sigma(1)},1}\cdots d_{i_{\sigma(p)},p}|(x_{i_{\sigma(1)}}, \cdots, x_{i_{\sigma(p)}})|sgn(\sigma)$
$=i_{1}>i_{2}> \cdot\cdot>i_{p^{-}}\sum_{-}.P_{i_{1}}(\theta)(1-P_{i }(\theta))\cdots P_{i_{p}}(\theta)(1-P_{i_{p}}(\theta))|(x_{i_{1}}, x_{i_{2}}, \cdots, x_{i_{p}})|^{2}-$
$\blacksquare$
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2 $\theta_{1}>0,$ $\theta_{2},$ $\cdots,$ $\theta_{p}\in \mathbb{R}$
(i) tr $\{I(\theta)\}\leq C_{d1}(\theta_{\{1\}})e^{-\theta_{1}}.$
(ii) $|I(\theta)|\leq C_{d2}(\theta_{\{1\}})e^{-p\theta_{1}}.$
(iii) $\prod_{i=1}^{k}\{P_{i}(\theta)\exp(-\frac{1}{2}x_{i}’\theta)\}\geq C_{d3}(\theta_{\{1\}})\exp(-\frac{k}{2}\theta_{1})$ .
$d ;= (d_{i,j})_{i=1,2,\cdots,p,j=1,2,\cdots k}\rangle,$
$C_{d1}( \theta_{\{1\}}) := \sum_{i=1}^{k}\sum_{j=1}^{p}d_{i,j}^{2}\exp(\sum_{m=2}^{p}|d_{i,m}\theta_{m}|)$ ,
$C_{d2}( \theta_{\{1\}}) ;=\sum_{i_{1}>i_{2}>\cdot\cdot>i_{p}}.|(x_{i_{1}}, x_{i_{2}}, \cdots, x_{i_{p}})|^{2}\exp(\sum_{s=1}^{p}\sum_{m=2}^{p}|d_{i_{s},m}\theta_{m}|)$ ,











$:=\{\xi\in \mathbb{R}^{p-1}:\xi_{i}\in[0, \pi)(i=1, \cdots,p-2), \xi_{p-1}\in[0,2\pi)\},$
$\Xi_{l_{1},\cdots,l_{p}}:=\{\xi\in$
$:|x_{\iota_{1}}’\omega_{\xi}|<|x_{l_{2}}’\omega_{\xi}|<\cdots<|x_{l_{p}}’\omega_{\xi}|<|x_{i}’\omega_{\xi}|(i\neq l_{1}, \cdots, l_{p})\}$
$\xi\in\Xi_{l_{1},l_{2},\cdots,l_{p}}$ , $r>0$
(i) tr $\{I(r\omega_{\xi})\}\leq C_{d4}\exp(-r|x_{l_{1}}’\omega_{\xi}|)$ .
(ii) $|I(r \omega_{\xi})|\geq C_{d5}\exp(-r\sum_{m=1}^{p}|x_{l_{m}}’\omega_{\xi}|)$
(iii) $\prod_{i=1}^{k}\{P_{i}(r\omega_{\xi})\exp(-\frac{r}{2}x_{i}’\omega_{\xi})\}\leq\exp(-\frac{r}{2}\sum_{i=1}^{k}|x_{i}’\omega_{\xi}|)$
$C_{d4} ;= \sum_{i=1}^{k}\sum_{j=1}^{p}d_{i,j}^{2},$







$|I(r \omega_{\xi})| \geq \frac{1}{4^{p}}\sum_{i_{1}>\cdots>i_{p}}|(x_{i_{1}}, x_{i_{2}}, \cdots, x_{i_{p}})|^{2}\exp(-r\sum_{m=1}^{p}|x_{i_{m}}’\omega_{\xi}|)$





$\lambda_{\max}(\theta)\leq$ tr $\{I(\theta)\}$ (3.4) 2 $\theta_{1}>$




1 $\hat{\theta}_{ML}$ 2 $\blacksquare$
4 $\tilde{\theta}_{logit}$ $p\leq k\leq 2p+1$ 2
3 $\theta_{1}>0,$ $\theta_{2},$ $\cdots,$ $\theta_{p}\in \mathbb{R}$
$\frac{\lambda_{\max}(\theta)}{\gamma_{1ogit}(\theta)} \leq \frac{|I(\theta)|tr\{I(\theta)\}}{\prod_{i=1}^{k}\{P_{i}(\theta)\exp(-\frac{1}{2}x_{i}’\theta)\}}$
$\leq \frac{C_{d1}(\theta_{\{1\}})C_{d2}(\theta_{\{1\}})}{C_{d3}(\theta_{\{1\}})}\exp\{-\frac{1}{2}(2p+2-k)\theta_{1}\}$
















$\cross\eta_{1}$ $git(r)=0$ 2 $p\geq 3$





4 5 $\tilde{\theta}_{1}$ git 2
1
1
4 $\theta\in \mathbb{R}^{p}$ , $r>0$ , $\xi\in\Xi_{l_{1},\cdots,l_{p}}$
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(i) tr $\{I(\theta+r\omega_{\xi})\}\leq C_{d7}(\theta)\exp(-r|x_{l_{1}}’\omega_{\xi}|)$ .
(ii) $|I( \theta+r\omega_{\xi})|\leq C_{d8}(\theta)\exp(-r\sum_{m=1}^{p}|x_{l_{m}}’\omega_{\xi}|)$ .
(iii) $\prod_{i=1}^{k}\{P_{i}(\theta+r\omega_{\xi})\exp(-\frac{1}{2}x_{i}’(\theta+r\omega_{\xi}))\}\geq C_{d9}(\theta)\exp(-\frac{r}{2}\sum_{i=1}^{k}|x_{i}’\omega_{\xi}|)$ .
$C_{d7}( \theta) ;= \sum_{i=1}^{k}\sum_{j=1}^{p}\exp(|x_{i}’\theta|)d_{i,j}^{2},$
$C_{d8}( \theta) ;= \sum_{i_{1}>\cdots>i_{p}}|(x_{i_{1}}, x_{i_{2}}, \cdots, x_{i_{p}})|^{2}\exp(\sum_{n=1}^{p}|x_{i_{n}}’\theta|)$ ,
$C_{d9}( \theta) ;= \frac{1}{2^{k}}\exp(-\frac{1}{2}\sum_{i=1}^{k}|x_{i}’\theta|)$ ,





$|I(\theta+r\omega_{\xi})|$ $\leq$ $\sum_{i_{1}>\cdots>i_{p}}|(x_{i_{1}}, x_{i_{2}}, \cdots, x_{i_{p}})|^{2}\exp(\sum_{m=1}^{p}|x_{i_{m}}’\theta|)\exp(-r\sum_{m=1}^{p}|x_{i_{m}}’\omega_{\xi}|)$
$= C_{d8}( \theta)\exp(-r\sum_{m=1}^{p}|x_{\iota_{m}}’\omega_{\xi}|)$
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1 b- $\cdot-$ - Ghosh and Sinh$a^{-}[3]$ 2






and Sinha [3], Obayashi, Tanaka and Takagi [6]
dose $k$ $P$ $**$
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